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In this Letter, we explore the possibilities of realizing weak value amplification (WVA) using
purely atomic degrees of freedom. Our scheme identifies the internal electronic states and external
motional states of a single trapped 40Ca+ ion as the system degree and pointer degree respectively,
and their controllable weak coupling is provided by a bichromatic light field. In our experimen-
tal demonstration, by performing appropriate postselection on the internal states, a tiny position
displacement of ∼ 4 A˚ of the trapped ion is amplified to ∼ 10 nm. The extreme sensitivity of the
amplification effect to the relative phase of the quantum state is also demonstrated, which may have
relation to the phase estimation applications. This work has potential to advance the abundant
metrological applications related to the atomic interferometric process, and allows fully exploration
of the peculiarities of WVA owing to the high operational flexibility of this procedure .
PACS numbers: 03. 65. Ta, 39. 20. +q, 06. 20. Dk, 42. 50. Ct
Quantum measurement lies at the heart of quantum
mechanics, and its peculiar properties have perplexed
physicists for almost one century [1]. In 1932, von Neu-
mann proposed a phenomenological model which de-
scribes quantum measurement as an interaction process
between two quantum systems (or two quantum de-
grees of one system), regarded as “measured system”
and “measuring pointer” respectively [2]. Then in 1988,
Aharonov, Albert and Vaidman (AAV) extended von
Neumann’s measurement model from the regular strong
measurement regime to the weak measurement regime,
corresponding to the cases where the system and pointer
interact strongly and weakly, respectively [3]. They
showed that, if an appropriate postselection step is intro-
duced into the weak measurement procedure, the mea-
sured value (defined by AAV as “weak value”) may lie
outside the eigenvalue spectrum of the observable in ques-
tion, giving rise to the so-called “weak value amplification
(WVA)” effect. In recent years, WVA has been proven
to be useful as an amplification technique for observing
the extreme weak physical effect, quantum state tomog-
raphy, tests of quantum mechanics paradoxes and so on
[4, 5].
In virtue of the high-level manipulation and mature
detection techniques for photons, WVA has made great
development in the linear optical system both in theoret-
ical and experimental aspects. Up to now, optical WVA
technique has been successfully applied to the observa-
tion of the spin Hall effect of light [6], the ultrasensitive
measurement of the light beam deflection [7], the am-
plification of optical nonlinearities [8], the direct tomog-
raphy of photonic quantum states [9], the clarification
of controversial debates in quantum mechanics [10], and
the counteraction of decoherence in the quantum optical
system [11]. Although WVA cannot overcome the shot-
noise-limit imposed by quantum mechanics [12, 13], some
references claimed that this amplification technique may
offer substantial improvements in many practical cases
where certain types of technical noise and operational
limitations dominate [14–19].
Recently, much effort has been expended in attempts
to realize WVA in at least partially nonphotonic systems
[20–27]. Among these works, exploration of WVA in cold
atoms or trapped ions is particularly interesting for two
reasons. First of all, atomic WVA technique has poten-
tial to advance the abundant metrological applications
related to the atomic interferometric process, e. g. the
atomic clock [28] and the atomic magnetometer [29]. Sec-
ondly, compared with optical WVA which can be usually
explained using classical optics [30], atomic WVA is a
purely quantum effect and is more suitable to verify the
peculiarities of quantum mechanics. In 2013, Shomroni
et al. demonstrated WVA based on atomic spontaneous
emission [25]. However, the involving atomic ensemble
only plays the role of light source in their procedure and
it is still an optical WVA experiment in essence. More
recently, Ref. [26] presented a WVA proposal based on
atomic matter wave interferometry, but the requirement
for accurate manipulation and detection of the external
orbital motions of free atoms makes it difficult to perform
in experiment. Then in 2019, Araneda et al. performed
WVA based on spontaneous emission of a single trapped
ion to calibrate the wavelength-scale errors in optical lo-
calization [27]. To the best of our knowledge, the ex-
perimental demonstration of WVA using purely atomic
degrees of freedom has not been realized so far.
In this Letter, we present the first proof-of-principle
experimental demonstration of purely atomic WVA us-
2ing a single trapped 40Ca+ ion. For our experiment,
the internal electronic states and the external motional
states of the ion play the roles of the measured system
and the measuring pointer, respectively. With the help
of spin-dependent displacement, heralded measurement
and motional wavepacket reconstruction techniques well
established in the trapped ion system, we achieve an ef-
fective amplification factor as large as 25 for the position
displacement of the ion. We also show that WVA is ex-
tremely sensitive to the relative phase of the quantum
state. We believe that this work opens up the interest-
ing possibility to explore WVA in atomic interferometric
techniques.
The WVA formalism can be briefly outlined based on
von Neumann’s measurement model [3]. A quantum sys-
tem, with its observable Aˆ being measured, is coupled
to a measuring pointer by an interaction Hamiltonian
Hˆ = gδ(t − t0)Aˆpˆ, where pˆ is the canonical momentum
of the pointer (with conjugate position qˆ), g is the in-
teraction strength, t is the time variable, and δ(t − t0)
is the impulse function centered at the time t0 satisfying∫∞
−∞ δ(t − t0)dt = 1. Suppose the measured system is
prepared in the state |ψi〉 =
∑
m αm |am〉, where |am〉 is
the eigenstate of Aˆ with the corresponding eigenvalue am,
and the measuring pointer is initialized in |ϕ(q)〉, where q
is the position variable. Under the action of the unitary
evolution operator Uˆ = exp
(
−igAˆpˆ/~
)
, the combined
state will evolve into
∑
m αm |am〉 |ϕ(q − amg)〉. In the
weak coupling limit where g is so small that Uˆ needs only
to be expanded to first order in perturbation theory, if we
introduce a postselection step by performing a projective
measurement on the system and retaining only instances
with given outcome |ψf 〉, the pointer will be left in the
state
〈ψf |Uˆ |ψi〉 |ϕ(q)〉 ≈ 〈ψf |(1− igAˆpˆ/~)|ψi〉 |ϕ(q)〉
= 〈ψf |ψi〉 (1− iAwgpˆ/~) |ϕ(q)〉
≈ 〈ψf |ψi〉 exp(−iAwgpˆ/~) |ϕ(q)〉
= 〈ψf |ψi〉 |ϕ(q −Awg)〉 , (1)
where
Aw ≡ 〈ψf |Aˆ|ψi〉 / 〈ψf |ψi〉 (2)
is the weak value defined by AAV. It is easy to note that,
under the condition of |〈ψf |ψi〉| ≪ 1, the pointer shift
is “amplified” because |Aw| ≫ maxm{|am|} and the so-
called WVA effect arises. It can be shown from Eq. (2)
that the weak value Aw may be an imaginary number.
For the imaginary WVA, Ref. [31] showed that we can
observe an amplified shift in the momentum direction
with the same interaction Hamiltonian above.
Our scheme of WVA in a single trapped ion can be
simply illustrated in Fig. 1(a). Firstly, a pseudo-spin,
composed of two internal electronic states of the ion
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FIG. 1. (Color online) (a) Schematic illustration of WVA ef-
fect in a single trapped 40Ca+ ion. (b) The internal electronic
states and coupling lasers used for coherent manipulation and
projective measurement in our experiment. (c) Configuration
of the bichromatic light field used for spin-dependent displace-
ment.
and used as the system degree, is prepared in the su-
perposition of the eigenstates of one system observable
being measured. The external motion of the ion, used
as the pointer degree, is initialized to the ground state
wavepacket. Then, a weak spin-dependent force displaces
the motional wavepacket towards opposite directions for
different eigenstates of the system observable. Finally,
by performing the projective measurement of another
system observable and retaining the postselected out-
come, the original tiny splitting of the wavepacket may
be changed to a large displacement towards a certain di-
rection in phase space. This striking amplification effect
essentially results from the constructive quantum inter-
ference in the tail of the splitted wavepackets and de-
structive interference elsewhere. While introduced as a
model of the measurement of a system observable, this
procedure is usually used as an amplification method for
the tiny interaction between the system degree and the
pointer degree.
In the experiment, we use a single 40Ca+ ion trapped
in a blade-shaped linear Paul trap with radial and axial
trapping frequencies ωr = 2pi × 1.6MHz and ωz = 2pi ×
1.41MHz, respectively. Fig. 1(b) shows the relevant in-
ternal levels and coupling lasers used for coherent manip-
ulation and projective measurement (more details on the
experimental configuration can be found in Supplemen-
tal Material). The Zeeman sublevels S1/2(mJ = −1/2)
and D5/2(mJ = −1/2) in a magnetic field of 5.3 G are
identified as the spinor states |↓〉 and |↑〉 respectively, the
3optical quadrupole transition between which is driven by
a narrow linewidth laser at 729 nm. The 729 nm laser
beam enters the trap by passing through two hollow end-
cap electrodes with an angle of 0◦ to the axial z direction,
resulting in a Lamb-Dicke parameter of η ≃ 0.08. The
spinor state measurement is done via state-dependent flu-
orescence observed while coupling the S1/2 state to the
short-lived state P1/2 (with lifetime 7.1 ns) using a laser
field at 397nm. The external motional degree we use for
the experiment is the axial mode of the motion, which
can be treated as a quantum mechanical harmonic oscil-
lator with a frequency of ωz. Its ground-state wavepacket
has the size of ∆z =
√
~/2mωz ≃ 9.47 nm, where m is
the ion’s mass.
The spin-dependent displacement is implemented us-
ing a bichromatic light field resonant with both the blue
and red axial sidebands of the |↓〉 ↔ |↑〉 transition, which
is realized by sending the 729nm laser field through
an acousto-optic modulator (AOM) driven with two fre-
quencies of RF signals that differ by 2ωz (see Fig. 1(c)).
In the Lamb-Dicke regime, the resulting Hamiltonian
reads
Hˆd =
~ηΩ
2
[σˆx sinφ+ + σˆy cosφ+]
⊗[−(aˆ† + aˆ) cosφ− + i(aˆ† − aˆ) sinφ−], (3)
where Ω is the Rabi strength, aˆ† and aˆ are the creation
and annihilation operators for the axial mode of motion,
2φ+ = φred + φblue and 2φ− = φred − φblue are the sum
and the difference of the red sideband laser phase φred
and the blue sideband laser phase φblue. It can be noted
from Eq. (3) that, the setting of φ− determines the axis
of the displacement in phase space, the internal state of
the ion determines the displacement direction along this
axis, and φ+ determines which eigenstates are selected.
It has to be stressed that Eqs. (1) and (2) only hold in
the weak coupling limit [32–34]. In the following, we de-
scribe the concrete experimental procedure based on the
accurate analytic derivation which is valid for arbitrary
coupling strength.
After Doppler cooling, sideband cooling, and optical
pumping, the internal state of the trapped ion is pre-
pared in |ψi〉 = |↓〉, and its motional state is initialized
to the ground state |ϕi(z)〉 = ( 12pi∆z2 )
1
4 exp
(
− z2
4∆z2
)
. By
setting φ+ = φ− = pi2 , the spin-dependent displace-
ment Hamiltonian has the form Hˆd = ηΩ∆z σˆxpˆ with
the momentum operator pˆ = i~(aˆ
†−aˆ)
2∆z
. Application of
this Hamiltonian for a duration t generates the entan-
gled state of system and pointer degrees as
|Ψ〉 = 1√
2
[|+〉 |ϕi(z − g∆z)〉 − |−〉 |ϕi(z + g∆z)〉], (4)
where |+〉 = 1√
2
(|↑〉 + |↓〉), |−〉 = 1√
2
(|↑〉 − |↓〉) and
g = ηΩt. For the trapped ion system, we can only
postselect the state |↑〉 without destroying the motional
wavepacket as no photons are scattered in the measure-
ment process. However, the postselections of other states
can be carried out with the help of appropriate one-
qubit rotations. In the experiment, we firstly perform
a rotation by 2θ around the y-axis of the Bloch sphere
(denoted as Ry(2θ)) on the internal state, which is re-
alized using a laser pulse resonant with the |↓〉 → |↑〉
transition, then perform the strong projective measure-
ment via state-dependent fluorescence. After retaining
only instances with measurement outcome |↑〉, we effec-
tively realize the postselection with |ψf 〉 = Ry(−2θ) |↑〉 =
cos θ |↑〉− sin θ |↓〉. Then, the external motion will be left
in the state (choosing ∆z as the unit of zˆ)
|ϕf (z)〉 = 1
(2pi)
1
4
√
1− cos(2θ)e− g22
[cos
(pi
4
+ θ
)
e−
(z−g)2
4
− sin
(pi
4
+ θ
)
e−
(z+g)2
4 ], (5)
with the position displacement
δz = 〈ϕf (z)|zˆ|ϕf (z)〉 = g
e−
g2
2 cot(2θ)− csc(2θ)
. (6)
It follows from Eqs. (1) and (2) that, the position dis-
placement will reduce to δz ≈ 〈ψf |σˆx|ψi〉〈ψf |ψi〉 g = − cot(θ)g in
the weak coupling limit.
The only observable of the trapped ion that can be
directly measured via state-dependent fluorescence is σˆz .
To proceed with the analysis of the postselected motional
state, we use an indirect measurement method for mo-
tional wavepacket reconstruction, which was originally
proposed in 1995 [35] and has been successfully utilized
in the quantum simulation of Dirac equation [36] and
random walk [37] in trapped ion system. To measure the
marginal probability distribution of the motional state
along a line in phase space, we prepare the internal state
of the ion in an eigenstate of σˆy or σˆz , apply a spin-
dependent displacement operation that displaces the mo-
tional wave function in phase space in a direction orthog-
onal to the one to be measured for varying amounts of
time, followed by a measurement of the changing excita-
tion of the ionic internal state. Then, a Fourier transfor-
mation of these measurements yields the marginal prob-
ability distribution of the motional wavepacket. Further-
more, the expectation values of the motional quadratures
can be obtained by analyzing the slope of the changing
excitation in very short time, without a need to recon-
struct the full motional wavepacket (see Supplemental
Material for details).
In Fig. 2, we experimentally show that a tiny position
displacement of 4 A˚ of the trapped ion can be amplified
to 10nm using the above WVA procedure. In the exper-
iment we use a short spin-dependent displacement pulse
with Ω = 2pi × 19.0kHz and t = 4µs to achieve a small
position splitting g ≃ 0.04. After the internal state post-
selection using Ry(−2θ) |↑〉 with θ = 0.02, a remarkable
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FIG. 2. (Color online) A tiny position displacement of 4 A˚ of
the trapped ion is amplified to 10 nm. The dashed lines indi-
cate the probability distributions of the two weakly displaced
wavepackets correlated with the eigenstates of σˆx in Eq. (4)
with g ≃ 0.04. The histogram shows the probability distri-
bution of the finally postselected wavepacket reconstructed
using the experimental data with θ = 0.02 and the solid line
gives the exact theoretical prediction using Eq. (5).
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FIG. 3. (Color online) The relation between the magnitude
of the amplified position shift |δz| and the original split-
ting g with different θ. The dashed lines represent the the-
oretical results in the weak coupling limit where we have
|δz| ≈ g|Aw| = g cot θ. The solid lines are the accurate theo-
retical results. The symbols (•,  and ) are the experimental
data. The error bars represent one standard deviation over
the ensemble of postselected events.
WVA effect occurs with the amplified position displace-
ment 10 nm. It should be noted that the weak coupling
limit does not hold for this parameter setting and the
theoretical amplified position displacement in Fig. 2 is
actually obtained from the exact result of Eq. (6).
Through fast measurement of the expectation value of
the position operator, we show the relation between the
magnitude of the amplified position shift |δz | and the
original splitting g with different θ in Fig. 3. In the weak
coupling regime defined by |Aw|g ≪ 1 [38], |δz| increases
linearly with g with an amplification factor |Aw| = cot θ
and the approximate results agree well with the accurate
theoretical results and the experimental data. Outside
this regime, the amplified position shift has an upper
limit ∼ ∆z . With g increasing, the weak measurement
regime will transit to the strong measurement regime and
the WVA effect disappears.
The WVA procedure with the pure imaginary weak
value can also be implemented in our experiment. It
has been pointed out that the imaginary weak value has
the potential to counteract the time-independent techni-
cal noise in quantum metrology applications [15, 39, 40].
By choosing |ψi〉 = Rx(2φ) |↓〉 = 1√2 (|+〉 − ei2φ |−〉) and
|ψf 〉 = |↑〉, we achieve the pure imaginary weak value
Aw = i cotφ. In this case, the original small position
splitting g will result in an amplified moment shift (choos-
ing ∆p =
~
2∆z
as the unit of pˆ)
δp =
g sin(2φ)
e
g2
2 − cos(2φ)
(7)
in phase space, as shown in Fig. 4. In the parameter
regime |Aw|g ≪ 1, the weak coupling approximation is
valid and its predictions agree well with the accurate the-
oretical results and the experimental data. Outside this
regime, the amplified momentum shift has an upper limit
∼ ∆p. The extreme sensitivity of WVA to the relative
phase of the quantum state in the φ → 0 regime may
have application in the sensitive estimation of phase with
small values.
Now, we propose several possible scenarios of actual
sensing applications for our WVA procedure. Firstly, al-
though the above state-dependent force sensed by the ion
is engineered using the bichromatic light field, we can re-
place it with some quantum effects we are interested in
for actual sensing scenarios. An interesting example is
to observe the tiny momentum kick that an ion receives
upon emitting a single photon using this WVA proce-
dure. Suppose we trap an ion which has the ground state
|↓〉 and two metastable excited states |↑〉 and |↑ ′〉. The
ion is prepared in the superposition state 1√
2
(|↑〉+ |↑ ′〉)
and its motional degree of freedom is initialized to the
state |ϕ(z)〉. An appropriately modulated laser pulse,
e. g. the rapid adiabatic passage (RAP) pulse [41], can
coherently transfer the population from |↑ ′〉 to |↓〉 with
the high efficiency and induce the stimulated emission of
a single photon. Then the ion will receive a tiny state-
dependent recoil kick and the composite quantum state
evolves into 1√
2
(|↓〉⊗Ukick |ϕ(z)〉+ |↑〉
⊗ |ϕ(z)〉), where
Ukick is the kick acting on the motional wavepacket of the
ion. This tiny state-dependent force can be amplified us-
ing our WVA procedure, thus to study related quantum
phenomena at the single-particle level. Secondly, we can
estimate the parameters of classical signals which can be
imprinted in the quantum evolution of this procedure.
For the pure imaginary weak value case, the final ampli-
fied momentum shift is extremely sensitive to the relative
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FIG. 4. (Color online) By choosing |ψi〉 = Rx(2φ) |↓〉 and |ψf 〉 = |↑〉, we achieve the pure imaginary weak value Aw = i cotφ
and herein the original small position splitting g will result in an amplified momentum shift δp in phase space. The dashed
lines represent the theoretical results in the weak coupling limit where we have δp ≈ g Im(Aw) = g cotφ. The solid lines are
the accurate theoretical results. The symbols (•,  and ) are the experimental data. The error bars represent one standard
deviation over the ensemble of postselected events.
phase of the preselected superposition state. If this phase
is induced by an unknown weak magnetic field signal (the
Zeeman splitting of the ion’s electronic states can encode
a relative phase in the superposition state), we can in-
fer the information of the measured magnetic field from
the value of the amplified momentum shift. Besides the
magnetic field sensing, using the sensitive dependence of
the WVA effect on RF signals driving the AOM, we can
also use this configuration to sense the tiny change for
parameters of RF signals.
It has been verified that the WVA procedure can ob-
tain almost all the Fisher information using only the
small portion of surviving postselected events [16]. The
WVA procedures can possibly afford a benefit over con-
ventional ones because of the fewer consumption of the
detection resource. For optical WVA, the photons failing
in the postselection step will not arrive at the detector,
which will alleviate the limitation of detector saturation
[19]. Actually, for the trapped ion system, the most time-
consuming step is the motional wavepacket analysis, and
our atomic WVA procedure will consume fewer detec-
tion resource than conventional procedures in this sys-
tem. Specifically, in the proceeding of our procedure, if
the postselection step fails, we will cancel the very time-
consuming process of analyzing the motional wavepacket
and move directly to the next experimental cycle. Thus,
compared with conventional methods with no postselec-
tion, our procedure will consume fewer resource of detec-
tion time in average for acquiring the same information.
Considering that WVA has become an important part
of the standard toolbox in the modern field of quantum
control, this first demonstration of atomic WVA suggests
interesting physics also from the fundamental perspec-
tives. Our work has demonstrated the high operational
flexibility in the atomic WVA procedure. The interac-
tion strength between the measured system degree and
the measuring pointer degree can be tuned over a wide
range, and their coupling pattern can be manipulated by
adjusting the experimental parameters. Combined with
the easily tailored pointer state, which can be prepared
in various nonclassical motional states (e. g. Fock states,
squeezed states, even two-mode NOON states [42, 43]),
and the ability to coherently manipulate several tens of
ions [44], our approach allows fully exploration of the
peculiarities of WVA.
In conclusion, we present the first experimental realiza-
tion of fully atomic WVA using the trapped ion system.
The remarkable amplification of motional displacement
and the extreme sensitivity of WVA to the relative phase
of the quantum state are demonstrated in our experi-
ment. The good agreement between the calculated and
experimental results shows the trapped ion as a favor-
able platform for WVA research. The good scalability
and flexible controllability of trapped ion system make
it an important complement to optics in this research
area. More importantly, our experiment makes the first
step towards the study of atomic WVA and has much po-
tential in the studies of fundamental quantum mechanics
and quantum metrology.
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In this supplementary material we describe the trapped ion system in more detail, discuss the
postselection step and the calibration of the experimental parameters, and finally illustrate the
wavepacket reconstruction method along with the data analysis for the measurement of 〈zˆ〉 and 〈pˆ〉.
EXPERIMENTAL SETUP
A single ion 40Ca+ trapped in a blade-shaped linear
Paul trap is used in the experiment. In the first part
of the experimental sequence, all the motional modes of
the single ion are cooled down to a phonon number of
about 20 using Doppler cooling method with lasers at
397 and 866 nm. The oscillator we use for our experi-
ment is the axial mode, which has a secular frequency
of around ωz/(2pi) = 1.41 MHz. After Doppler cooling,
the axial mode is cooled further to the motional ground
state with the resolved sideband cooling approach [1].
A narrow linewidth laser at 729 nm is used to coher-
ently couple the qubit which we choose the energy levels
S1/2(mJ = −1/2) and D5/2(mJ = −1/2) as |↓〉 and |↑〉
respectively. The whole setup for controlling the qubit
is shown in Fig. 1. The power of 729 nm laser beam is
stabilized by using acousto-optical modulator (AOM) 1.
AOM 2 is used to shift up the laser frequency by 80MHz
and modulate the bichromatic light field for the spin-
dependent force. The amplitude and frequency of the
beam are controlled by AOM 3, which has a double pass
optical configuration and is driven by an RF source with
frequency 270MHz. It is also used as a switch for gener-
ation of laser pulses in the experimental sequence. The
qubit transition is isolated by a gap of 8.8 MHz from its
nearest internal state transitions with a magnetic field
of 5.2 G. The beam goes through the two end-caps with
almost 0 degree with respect to z axis of the trap result-
ing in a Lamb-Dicke parameter of η ≈ 0.08 as shown in
Fig. 1. Optical pumping to |↓〉 is realized using a com-
bination of left-handed circularly polarized light at 397
nm, and linearly polarized light at 866 nm and 854 nm.
The internal state of the ion is read by using the elec-
tron shelving technique with a detection time of 300µs.
The heating rate of the axial motional mode is about 70
quanta per second, and the coherence time of the Fock
state superposition (|0〉+ |1〉)/√2 has been measured to
be about 5.0ms. Due to the large magnetic fluctuations
induced by the AC-power line, we trigger the experimen-
tal cycles at 50Hz and the coherence time of the qubit
vacuum
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FIG. 1. (Color online) The trap geometry and optical setup
in our experiment. AOM 1 is used for power stabilization of
the 729 nm laser beam. AOM 2 creates the required bichro-
matic laser field when it is supplied with two frequencies of
RF signals that differ by 2ωz. The RF signals are generated
by an arbitrary waveform generator (AWG). AOM 3 controls
the overall frequency and amplitude of the 729 nm laser beam.
has been measured using Rasmey fringe to be around
1.1ms.
HERALDED DETECTION
The internal state detection via application of lasers at
397 nm and 866 nm is used for postselection of the mo-
tional wavepacket. The wavepacket is retained if the ion
is in |↑〉 and no fluorescence photons should be detected,
while it is destroyed if the ion is in |↓〉 and a certain
amount of photons should be gathered. Since the coher-
ence time is limited, we want to use the shortest detection
time for the postselection to avoid decoherence. The de-
tection time in our experiment is chosen as 120µs and
we distinguish the ion’s electronic states based on a pre-
determined threshold for the gathered photons. With a
detection time of 120µs , the detection error is less than
0.003% for an ion which is measured to be in |↑〉. As
stated in Ref. [2], such low error is of the similar size to
other sources of error in the experiment.
2CALIBRATION OF THE DISPLACED
OPERATION
Making sure that we apply an accurate displacement
on the motional ground state is the critical step in our
experiment. The displacement operation can be real-
ized by a single bichromatic laser pulse which creates
a Schro¨dinger cat state between the electronic states and
the motional states. By applying the spin-dependent dis-
placement operator for a time t on the initial state |↓〉 |0〉,
where |0〉 is the motional ground state, we get the entan-
gled state
|Ψ〉 = D(α) |↓〉 |0〉 = 1√
2
(|+〉 |α〉 − |−〉 |−α〉), (1)
where |+〉 = 1√
2
(|↑〉 + |↓〉), | −〉 = 1√
2
(|↑〉 − |↓〉), and
D(α) = e
2α∆zσˆxpˆ
i~ . The displacement α = ηΩt/2 is pro-
portional to the Lamb-Dicke parameter η, the coupling
strength Ω, and the bichormatic pulse duration t. For the
trapped ion, the only observable we can measure is σˆz,
and a projective measurement on |Ψ〉 returns the proba-
bility of ion in |↑〉
p↑ =
1
2
(1 + 〈σˆz〉) = 1
2
(1 − e−2|α|2). (2)
Note that Ω means both the coupling strengths of red
and blue sidebands, hence the intensities of the two RF
signals driving AOM 2 are required to be equal. We
perform the uniformity calibration of coupling strengths
for the red sideband and blue sideband lasers by checking
if the probability of |↑〉 reaches 0.5 when the ground state
wavepacket totally splits into two parts. Fig. 2 shows an
experimental measurement of p↑ after evolution under
the balanced bichromatic field along with the theoretical
simulation of Eq. (2) for η = 0.08 and Ω = 2pi× 150kHz.
To demonstrate WVA, We also need to calibrate the
small displacement α as a function of the bichromatic
pulse length by measuring the phonon number of the ion,
which follows the Poisson distribution and has the aver-
age n¯ = |α|2. Experimentally we choose a low coupling
strength for the bichromatic light field and probe the av-
erage phonon number of the ion by applying the pulse for
varying amounts of time, and the corresponding results
are shown in Fig. 3. The coupling strength used in the
experiment is then determined to be Ω ≈ 2pi × 19.0kHz.
WAVEPACKET RECONSTRUCTION AND
DISPLACEMENT MEASUREMENT IN PHASE
SPACE
To obtain the wavepacket probability distribution, we
apply a state-dependent displacement operation Uˆz =
exp(−ikzˆσˆx/2) to the measured quantum state and then
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FIG. 2. (Color online) Uniformity calibration of coupling
strengths for the red sideband and blue sideband lasers. The
red line is a plot of Eq. (2) with parameters η = 0.08 and
Ω = 2pi × 150 kHz. The black dots indicate the experimental
measurement of |↑〉 at chosen times.
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FIG. 3. (Color online) Calibration of the displacement α as
a function of the bichromatic pulse time with the low cou-
pling strength. The black dots indicate α obtained from mea-
surement of the average phonon number n¯. The red line de-
notes the fitting of data points and the corresponding cou-
pling strength of the bichromatic field is determined to be
Ω ≈ 2pi × 19.0 kHz.
the following measurement of σˆz effectively returns the
measurement outcome of the observable
Oˆ(k) = Uˆ+z σˆzUˆz = cos(kzˆ)σˆz + sin(kzˆ)σˆy, (3)
where k = ηΩt/∆z, and Ω ≈ 2pi × 70 kHz. If we prepare
the internal state of the ion to be the eigenstate of σˆz
with eigenvalue +1, then we have
〈
Oˆ(k)
〉
= 〈cos(kzˆ)〉.
Similarly, we have
〈
Oˆ(k)
〉
= 〈sin(kzˆ)〉 if the eigenstate
of σˆy with eigenvalue +1 is prepared. Theoretically we
can get the probability density |ϕ(z)|2 by using Fourier
transformation of 〈cos(kzˆ)〉+ i 〈sin(kzˆ)〉 [3], however the
finite experimental cycles can not afford enough infor-
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FIG. 4. (Color online) Data analysis for obtaining the average
displacement. The black curve denotes the full simulation of
〈sin(kzˆ)〉 with parameters g = 0.2 and θ = 0.2. The red cycles
are experimental data. The red line shows the weighted fitting
of data points for extracting 〈zˆ〉.
mation for this method. Instead we use a constrained
least-square optimization method based on convex opti-
mization [4] as stated in Ref. [5]. In this method the po-
sition space is first discretized by a suitable set of points
zi and probability distributions of p(zi) can be searched
by minimizing the function
F =
∑
k
(∑
i
p(zi) cos(kzi)− Ck
)2
+
∑
k
(∑
i
p(zi) sin(kzi)− Sk
)2
,
(4)
where Ck and Sk are the experimental results of 〈cos(kzˆ)〉
and 〈sin(kzˆ)〉 respectively.
In this technique we also need to apply additional con-
straints. Firstly, the probability of the positon points
meet the conditions 0 ≤ p(zi) ≤ 1 and
∑
i p(zi) = 1.
Secondly, p′(z), the differentiation of the probability dis-
tribution function p(z) with respect to position z, should
be bounded by the kinetic energy of the ion [5]
~
2
8m
∫ ∞
−∞
dz
p′(z)2
p(z)
≤
〈
pˆ2
2m
〉
. (5)
For obtainment of the value of 〈pˆ2〉, we only need to
adjust the phase of the bichromatic laser pulse to real-
ize Uˆp = exp(−ikpˆσˆx/2), and finally calculate 〈pˆ2〉 =
d2/dk2
〈
Oˆ(k)
〉
.
Besides the wavepacket, we are also concerned about
the average shifts of the wavepacket. From Eq. (3) we
can obtain
d
dk
〈
Oˆ(k)
〉
|t=0= 〈zˆσˆy〉, therefore the average
position displacement 〈zˆ〉 can be measured by preparing
the internal state to be the eigenstate of σˆy . Experimen-
tally the state of the ion is |↑〉 after postselection, we
need to apply a pi/2 carrier transition laser pulse to co-
herently prepare the internal state in (|↓〉+i |↑〉)/√2. Af-
terwards we apply the operation Uˆz and detect 〈sin(kzˆ)〉
for a short length of time (10µs in the experiment), and
〈zˆ〉 can be extracted by fitting the data points with a lin-
ear model as shown in Fig. 4. The same method can be
used for the measurement of 〈pˆ〉, the only difference here
is the operation we apply after postselection detection is
Uˆp = exp(−ikpˆσˆx/2).
Since the wavepacket reconstruction pulses are applied
after postselection, the success rates of postselection are
different from point to point in the experiment and it is
necessary to consider the different contributions to the
fitting error for different data points . Hence, we use
the weighted fitting method instead of the regular fitting
method to fit the data, the standard deviation derived
from quantum projection noise of each data point is used
as the weighting parameter [6]. Fig. 4 shows an example
of data analysis for measuring 〈zˆ〉 with parameters g =
0.4 and θ = 0.2.
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